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We prove that he set of elements inan abstract L,space, which have a strongly 
unique best approximation in a finite dimensional subspace, isdense in the set of 
elements having a unique best approximation in the subspace. 
1. INTRODUCTION 
Let M be a subspace ofareal Banach space X. An element m E M is said 
to be a unique best approximation in A4 to an element .YEX if 
II-~-41 < lI.~-~ll (1.1) 
for all y#m in M. Such an element m is called a strongly unique best 
approximation in M to x if there xists a constant c>0 such that he 
inequality 
II-~-4 6 lb-Al -cllm-.A (1.2) 
holds for every in M. The set of all elements .YEX having a (strongly) 
unique best approximation in M is denoted by U, (SU,, respectively). 
Clearly, we have U, 1 SU, 3 A4. 
It is well known that U, # SU, in general (see [3, p. 82; 71). On the 
other hand, Niirnberger and Singer [S] proved that SUM is dense in U, 
for any finite dimensional subspace M of the real Banach space C,(T), 
whenever T is a locally compact metric space. Next, Angelos and Schmidt 
[ 1, 23 have stablished t  same for the real Banach space L,(S, C, ,M) over 
a positive a-finite measure space (S, .Z, p). In a recent paper [6], we have 
proved the former result in he case when T is a locally compact Hausdorff 
space and applied ito show that SU, is dense in U, for any finite dimen- 
sional subspace A4of the real Banach space L, (S, Z, p), where (S, Z, ,u) is 
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a positive measure space. InSection 2 of this note we present a com- 
paratively very short proof of Angelos and Schmidt’s re ult provided only 
that (S, Z, p) is a positive measure space. This is used in Section 3 to show 
the density ofSU,,, in U, for any finite dimensional subspace M of an 
abstract L, space. 
In order to simplify theproofs wenote that he best constant c = c,(x) 
in (1.2) isequal to 
cM(x) =inf 
i 
lb-Yll -lb-d :YEM 
lb -Yll 
9 
YZrn 
1 
. 
This in conjunction with the inequality 
II:-+ VII - Il.q = IIG+y)+ Cl- tFll - 114 
IltYll t II Yll 
~ Il.f+yll - I ~ll 
IIYII ’ 
O<t<l, y#O, 
implies that 
c,&x) =CM(-)?) = inf Il-)?+vll - 11~11 
II Yll 
:yEM,O<llyll<E (1.3) 
for every E> 0, where the element 2 :=x-m has 0 as a unique best 
approximation in M if and only if m is a unique best approximation in M 
to x. 
2. STRONG UNIQUENESS IN L,(S,C,p) 
Let (S, Z, ,u) be a positive measure space, and let L,(S, C, p) denote the 
Banach space of all p-measurable real-valued functions (equivalence 
classes) x onS such that 
llxll :=s, I.4 ~ 00. 
For a finite dimensional subspace A4of Z,,(S, C p), we define the upper 
envelope y’~ L,(S, C, p) of the unit ball B= {YE M : 11 yll < l} by the 
formula 
YO=SuP IYI. 
JSB 
(2.1) 
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The existence of y” follows from the compactness of B and continuity of 
the absolute value 1 1 : A4 + Li(S, C, /A). Finally, for a fixed x in 
L,(S, 2, p)\ (0) define the sets A,, B, and continuous f nctionals f, by 
A,,=S\B,= {sES: Ix(s)/ >k,y’(s)} (2.2) 
and 
where (k,} is a decreasing sequence ofpositive numbers convergent to 0. 
Clearly, we have B, 3 B, + 1 for all nand 
.,fi, B,= {s~S:x(s)=O}. (2.4) 
LEMMA 2.1. If 0 is a unique best approximation in a finite dimensional 
subspace M of L,(S, Z, ,u) to a function x in L,(S, Z, p) then there exists a 
constant a, such that 
fn( Y) a En II 1’11, for all yin M. 
Prooj The inequality is rivial n the case when y =O. Otherwise, by 
continuity off, and compactness of the unit sphere inA4 it is sufficient to 
prove the inequality f,(y) >0 for all y#O in M. Suppose that his 
inequality does not hold for an element y #0 and put /3 := k,/ I/ yll >0. By 
(2.1))(2.2) we have 
and 
P I y(s)1 ,<k, y’(s) d Ixb)l 
Ix(s) + Py(s)l = IxO)l + By(s) w(x(s)) 
for p-almost all sin A,. Hence we get 
Ilx+P~ll~~ 
A” 
1x1 &+B/ 
A” 
ysgn(x)d~+J^Bn 1x14
+Pj” Ivl &= II-~11 +Pfn(y)G llxllt 
4 
which contradicts the fact hat 0 is a unique best approximation in M 
to x. 1 
It is striking that Lemma 2.1 alone will enable us not to use any 
characterization of strongly unique best approximations and measure 
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theoretic arguments which ave been required by Angelos and Schmidt in
[2, Theorems 2 and 31. 
THEOREM 2.1. Let m be a unique best approximation n afinite dimen- 
sional subspace M of L,(S, .E, p) to a function x in L,(S, C, p). Then there 
exist a sequence {x n > in L,(S, 2, ,u) convergent tox and constants c,> 0 
such that 
II-G--ml1 d b,-Yll -c, llm-yll 
for all y in M. 
Proof If x= m then we can put x, = m and c, = 1. Otherwise, by virtue 
of (1.3) wemay assume without loss of generality that 0is a unique best 
approximation n M to XE L,(S, Z, p)\(O). Define the function x,in 
L,(S, C, CL) by the formula 
-x,(s) = x,(s) “4S), s E s, (2.5) 
where x,, denotes the characteristic function of the set A, defined asin (2.2). 
Then we have 
lb--x,II = i,, 1.~1 &.
Thus x, + x by (2.4). Now, if yis an element inM such that 0< 11 ylJ <k,, 
then we use (2.1)-(2.2) to derive 
I sv(s)l G II y/l ~~(4 dk, y”(4 G Ix(s)l = Ms)l 
and 
Ix,(s) +ub)l = Ix,(s)l +Y(s) wG(s)) 
for l-almost all sE A,. This in conjunction with (2.3), (2.5), and Lemma 2.1 
implies that 
Ilx,+~ll =j 
4 
(Ix,l +yw(xHd~+{Bn IYI 4
= II4 +fn(Y) 2 II&II + %II Yll. 
Hence by (1.3) the proof is completed. 1 
From Theorem 2.1 we immediately get
COROLLARY 2.1. Zf M is a finite dimensional subspace of the space 
L,(S, Z:, p), then SUM is dense in U,. 
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Since SU, c U,, it follows from Corollary 2.1 that m, = n,,,,. 
However, if L,(S, C, p) = I;” then we readily conclude that A, = 
(s E S : x(s) #0) and x, = .Y for sufficiently largen. Hence one can apply 
Theorem 2.1 in order to get NJ,,, = U, in this case (cf. [2, Theorem 31). 
3. STRONG UNIQUENESS IN AN ABSTRACT L, SPACE 
We recall [4] that areal Banach lattice X is called anabstract L, space 
if J/x + y/l = 11x// + I ~‘11, whenever x,y E X and x A J = 0. 
THEOREM 3.1. If G is a finite dimensional subspace ofan abstract L, 
space X then SUG is dense in U,. 
Proof By the Kakutani theorem [4, p. 151 there xist a positive 
measure space (S, Z:, FL) and an isometric isomorphism T between X and 
L,(S, C, FL). Therefore, using (l.l)-( 1.2), we obtain Uo = U, and 
SU, = SU, where M= TG is a finite dimensional subspace ofL,(S, Z, p). 
Hence the theorem follows directly from Corollary 2.1. i 
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